In this paper we present a treatment for the estimation of variance components and estimable vectors in linear mixed models in which the relation matrices may not commute. To overcome this difficulty, we partition the mixed model in sub-models using orthogonal matrices. In addition, we obtain confidence regions and derive tests of hypothesis for the variance components. A numerical example is included. There we illustrate the estimation of the variance components using our treatment and compare the obtained estimates with the ones obtained by the ANOVA method. Besides this, we also present the restricted and unrestricted maximum likelihood estimates.
Introduction
There have been extensive studies of estimation in mixed models; see, e.g., [5, 19, [21] [22] [23] . In addition to a rich source of research publications, several books/monographs have been published in more recent years, such as [9, 13, 15] . Apart from that, the estimation of variance components in linear mixed models is not completely straightforward, even in the balanced case; see [6, 14] . In what follows we will consider mixed models
where Y is a vector of N random variables Y 1 , . . . ,Y N , β 0 is a fixed vector and the β 1 , . . . , β w are random and independent vectors, with null mean vectors, variance-covariance matrices V (β i ) = θ i I c i for all i ∈ {1, . . . , w}, and null cross covariance matrices, V (β i ; β ℓ ) = 0 c i ×c l for all i ̸ = ℓ. These models will have mean vector µ = X 0 β 0 and variance covariance matrices
In models in which the relation matrices M 1 , . . . , M w commute, we have
where Q 1 , . . . , Q m are known orthogonal symmetric idempotent matrices of order N, summing to the identity matrix I N .
Then the models have the variance covariance matrices
. . , m}. If the matrices B = [b i,j ] are invertible, the V (γ) will be the positive semi-definite linear combinations of Q 1 , . . . , Q m and the models will have orthogonal block structure (OBS, see [16, 17] ) which continue to play a very important role in the theory of randomized block designs; see [7, 8] . Furthermore, there is a huge literature on mixed models and commutativity, starting with the work of [24, 25] . Researchers like [1, 18] also contributed to this area. A discussion of mixed models in which the relation matrices commute may be seen in [26] . A discussion on this assumption may also be found in [20, 27] . Moreover, in [4] is investigated the case where the family of possible variance-covariance matrices, while still commutative, no longer forms an OBS.
The goal of this paper is to present a treatment of the estimation of variance components and estimable vectors in mixed models in which the relation matrices do not commute, or may not commute. To overcome this difficulty we partition the mixed model in sub-models using orthogonal matrices. Since V (Y ) has an additive structure we say the models are additive, or ADD for short.
There are several popular methods available for the estimation of variance components in mixed models based on maximum likelihood, ML, or restricted maximum likelihood, REML. A review of this assumption may be seen in [11] . Analysis of variance, ANOVA, estimation based methods are also very popular. In particular, the three variations known as Henderson I, Henderson II, and Henderson III, suggested by [12] . Henderson I is the easiest to apply. Henderson II can be used for random models and Henderson III is the most suitable of the three methods.
The method we propose has some advantages over those mentioned above. We point out that our method can be applied without requiring normality or any other distribution for β 1 , . . . , β w . So, unlike the ML, and REML estimators, it requires only that the distribution of β 1 , . . . , β w has first and second moment. Besides this, our method is a unified method contrary to the ANOVA estimation based methods. That is, it can be applied to balanced or unbalanced, random or mixed models, whether or not the relation matrices commute.
In Section 2 we carry out estimation for variance components and estimable vectors in ADD models without requiring normality. We start with the algebraic structure of the models, from which we derive estimators for variance components. These estimators enable us to obtain generalized least squares, GLS, estimators for estimable vectors. In Section 3 we assume the model to be normal and use inducing pivot variables to obtain confidence intervals for the variance components; see [10] . These confidence intervals may be used, through duality, to test hypotheses about them. In Section 4 we present a numerical example in which we compare our technique for estimating variance components with unbalanced ANOVA. There we illustrate the estimation of the variance components using our treatment and compare the obtained estimates with the ones obtained by the ANOVA method. Besides this, we also present the REML and the ML estimated values. Finally we present some final comments in Section 5.
Additive models

Algebraic structure
We start by establishing the following result.
Proposition 1. Whatever the family W
Proof. We will use induction on w to establish the claim. The result is obviously true for w = 1, so let us assume that it is true for w = ℓ. Then there will be an orthogonal matrix
. . , ℓ, } and j ∈ {1, . . . , m}. For all j ∈ {1, . . . , m}, we also have the spectral decomposition
. . , u j } and j ∈ {1, . . . , m}, are orthogonal projection matrices that are mutually orthogonal, with ranks g j,h , respectively. Since Q j,1 + · · · + Q j,u j = I g j , we have g j,1 + · · · + g j,u j = g j for all j ∈ {1, . . . , m}, as well as N = g 1 + · · · + g m . We now take A j,h = A j,h A j for all h ∈ {1, . . . , u j } and j ∈ {1, . . . , m} so that, if i ≤ ℓ,
To complete the proof we need only point out that A j = [A j,1 · · · A j,u j ] ⊤ for all j ∈ {1, . . . , m}. So we may take
The distinction between these results and those for families of commutative matrices is that in general
We say that the matrix P = [A ⊤ 1 · · · A ⊤ m ] ⊤ , given by this proposition, is associated to the partition of the ADD model, with
In our approach we will use, for each j ∈ {1, . . . , m}, the sub-model
with mean vector µ j = X 0,j β 0 , where X 0,j = A j X 0 , and variance-
where the b i,j are the coefficients in the statement of Proposition 1.
Estimation of variance components
For each j ∈ {1, . . . , m}, let P j and P c j be the orthogonal projection matrix on Ω j = R(X 0,j ) and on its orthogonal complement Ω ⊥ j , respectively. Given
we set C = {j : p j > 0} and D = {j :
is BQUE (Y j ) , i.e., it is the best quadratic unbiased estimators, in the family of the quadratic estimators of γ j derived from Y j . Let γ(2) have components γ j with j ∈ D and B(2) have as column vectors the column vectors of B with indexes in D. Then γ(2) = B(2) ⊤ θ. So if the row vectors of B(2) are linearly independent we get
where the components ofγ(2) are theγ(j) with j ∈ D, is a least square estimator, LSE, sinceθ minimizes
Estimable vectors
Let ψ = Gβ 0 be an estimable vector. Since we were able to estimate θ we can use the GLS estimator
Confidence regions and tests for variance components
If normality is assumed, we may use inducing pivot variables to obtain confidence intervals; see [10] . For each j ∈ D, let χ 2 j,1 , . . . , χ 2 j,N be independent central chi-squares with g j degrees of freedom. We then get the samples {θ i,1 , . . . ,θ i,N } for each i ∈ {1, . . . , w} with
The empirical quantiles θ * 1,p,u , . . . , θ * w,p,u of these samples strongly converge to the corresponding exact quantiles of the distribution induced for the variance components when N → ∞; see again [10] . Then we get the induced
. . , w} for the variance components, which enables us to test through duality the null hypothesis
Numerical example
In this section we present an example of a mixed model in which the relation matrices do not commute and illustrate the estimation of the variance components using ADD models. In addition, we compare the estimates of variance components obtained by our treatment with the ones obtained by the ANOVA method. As we will see, our treatment was more accurate in more than 80% of the time. Besides this, we obtain confidence intervals for the variance components and calculate their coverage probabilities.
We considered the linear model described in (1), with w = 3 and N = 8 simulated observations, viz.
with β 0 fixed and β 1 , β 2 and ε = β 3 independent and normally distributed, with null mean vectors and variance-covariance In order to obtain the orthogonal matrix P = [A ⊤ 1 · · · A ⊤ m ] ⊤ , defined in Proposition 1, associated to the ADD model, we considered the orthogonal matrixṖ = [Ȧ ⊤ 1 · · ·Ȧ ⊤ 4 ] ⊤ , witḣ
Then, following Proposition 1, we did the spectral decompositionȦ j M 1Ȧ ⊤ j for j ∈ {1, . . . , 4} and obtained
] , ] .
To simplify writing we considered the orthogonal matrix
At this point we used the software R to simulate several observation vectors as follows. We considered θ 3 = 1 and θ 1 and θ 2 taking values in {0.25, 0.5, 1, 2, 4, 8, 16}. All possible combinations of θ 1 and θ 2 were considered. So, in whole, we simulated 49 observation vectors. Then, for each observation vector, we randomly generated β 1 , β 2 and ε, with β 1 ∼ N (0, θ 1 I 2 ), β 2 ∼ N (0, θ 2 I 3 ) and ε ∼ N (0, I 8 ) and obtained the sub-models stated in (2)
In addition, again for each observation vector, we obtained the orthogonal projection matrices P j and P c j and the p j and p c j for all j ∈ {1, . . . , 6}, stated in (3). The results were p c 1 = 0, p c 2 = 0, p c 3 = 1, p c 4 = 0, p c 5 = 1 and p c 6 = 3. So in (4) we considered p c 3 , p c 5 and p c 6 . Finally we obtained the estimates of the variance components using the estimatorθ stated in (5) . We proceeded this way 1000 times and obtained the averages for each case, θ ADD,i for i ∈ {1, 2, 3}, which may be seen in Table 1 .
As it may be seen, the obtained estimates are close to the previously considered θ 1 , θ 2 and θ 3 suggesting that ADD models may be taken into account for estimating variance components in models in which the relation matrices may not commute.
In order to obtain confidence intervals for the variance components, we generated central chi-squares χ 2 i,u for all i ∈ {1, 2, 3} and u ∈ {1, . . . , 1000} with g 1 = p c 3 , g 2 = p c 5 and g 3 = p c 6 degrees of freedom, getting the samples {θ i,1 , . . . ,θ i,1000 } for i ∈ {1, 2, 3}, withθ i,u . Finally, from these samples we got the 95% level confidence intervals, with lower and upper limits presented in Tables 2 and 3 , respectively. So, for example for the previously considered θ 1 = 16, θ 2 = 0.25 and θ 3 = 1, we have the estimatesθ 1 = 16.1967,θ 2 = 0.2350 andθ 3 Table 4 shows the number of times, in percentages, the previously considered values were within the obtained confidence intervals. As it may be seen, the coverage probabilities are all close to 95%. Table 5 shows the obtained averages of the variance components estimates using the ANOVA method, θ ANOVA,i for i ∈ {1, 2, 3}. This estimates were obtained following [23] . To simplify the comparison with the estimates in Table 1 we calculated ∥θ i − θ ANOVA,i ∥ and ∥θ i − θ ADD,i ∥ for i ∈ {1, 2, 3}, for each case. The results for the difference ∥θ i − θ ANOVA,i ∥ − ∥θ i − θ ADD,i ∥ for i ∈ {1, 2, 3}, for each case, are presented in Table 6 . The negative values are presented in bold. As we can see, more than 80% of the values are positive which means that the ADD method produced more accurate estimates than the ANOVA method in more than 80% of the time (122 in 147 times). Besides this, we calculated the root-mean-square-error, RMSE, for the two methods, obtaining Due to the data being obtained assuming normality, we also present, in Tables 7 and 8 , the obtained averages of the variance components estimates, using the REML and ML method, respectively. As it may be seen, while the REML method gave quite good estimates except for 0.25, the ML method gave not so good ones, especially when θ 1 = 16 or θ 2 = 16. 
Final comments
Mixed models in which the relation matrices commute have interesting properties but imply requirements that are not met, for instance when there are missing observations. Thus it is interesting to study models where that may not happen. This is the case of ADD models. In this paper we presented a treatment for the estimation of variance components and estimable vectors in linear mixed models in which the relation matrices may not commute. Besides this we also obtained confidence regions and derived tests for hypothesis on variance components. We illustrated the theory with a numerical example, where the obtained results were quite good. We compared the estimates of variance components obtained with our treatment with the ones obtained using the ANOVA method in an unbalanced mixed model and our treatment produced more accurate results in more than 80% of the time. The REML and ML estimates were also obtained. As we have seen, the performance of our method was quite good and it has the advantage over the ML and REML methods of not requiring normality. Moreover, our method is a unified method contrary to the ANOVA methods.
